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1 Introduction
The response of a conformal field theory (CFT) to curvature encodes important information
about the CFT. On general grounds, upon a Weyl rescaling, a CFT on an even-dimensional
curved space suffers from anomalies, which are proportional to the central charges which
characterize the CFT [1, 2]. In turn, in odd dimensional manifolds without boundary, it is
well known that there are no conformal anomalies –in particular, no invariant term of odd
dimension can be constructed. However, in the presence of boundaries, CFT’s may have
conformal anomalies originating from boundary terms, both in even and odd dimensional
spaces. While there have been some early discussions on this and related issues (see e.g. [3–
8]), the topic has been only recently revived starting with [9–15] (see also [16–23]).
In this paper we will be interested on explicit calculations of such effects. We will
investigate these boundary anomalies for an interesting class of geometries, namely, eu-
clidean spaces of the form Sa × Hb, where Sa is the a-dimensional sphere and Hb is the
b-dimensional hyperbolic space.1 When Sa and Hb have the same radii, these spaces are
conformally related to Sa+b. To see this, we write the metric of the Sa+b as2
ds2
Sa+b
= dφ2 + cos2 φ ds2Sa + sin
2 φ ds2
Sb−1
. (1.1)
Introducing a new coordinate y defined by
tanφ = sinh y , (1.2)
we have that
ds2
Sa+b
=
1
cosh2 y
(
ds2Sa + dy
2 + sinh2 y ds2
Sb−1
)
. (1.3)
Then, upon stripping off the conformal factor, in the parenthesis we recognize the metric
of Sa ×Hb.
Note that the case a = 1 corresponds to S1 × Hb. This space can be conformally
mapped to R1,b, covering the causal development of the Sb−1 inside it. Using this fact one
can argue [24] that the entanglement entropy across the sphere (which equals minus the
sphere free energy in odd dimensions) maps to the thermal entropy in S1×Hb, thus making
these spaces particularly relevant. The family Sa × Hb is then a natural generalization of
S
1×Hb. Note that, being conformal to the sphere Sa+b, this family can also be conformally
mapped to Ra+b.
Another interesting case is b = 2, as it can be regarded as the near-horizon geometry
of an extremal black hole. In this case one identifies the S1 inside H2 as the thermal
1
H
b can be viewed as euclidean AdSb. The boundary is S
b−1.
2In the following, unless otherwise stated, we will set the overall radius R of our geometries to one.
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circle. Then, by a thermodynamic argument one identifies the free energy on S2k+2 with
the corresponding thermal entropy on S2k ×H2 [25, 26].
For our purposes, let us differentiate bulk anomalies from boundary anomalies. Bulk
anomalies appear only in even dimensions and are represented by conformal invariant terms
constructed in terms of the Riemann tensor and covariant derivatives. This includes the
a-anomaly, given by the Euler density, and c-anomalies, constructed in terms of the Weyl
tensor. In the presence of boundaries, there are many other conformal invariant terms
containing the extrinsic curvature that can contribute to the integrated trace of the stress
tensor [5, 9, 13, 15].
Since for the class of spaces Sa×Hb the Weyl tensor vanishes, bulk conformal anomalies
can only appear when the Euler number of the space is non-vanishing, namely when both a
and b are even numbers. Denoting the free energy for a CFT on Sa×Hb as F(a,b) (note that
(a+ b, 0) corresponds to the Sa+b case), in the absence of conformal anomalies one would
have F(a,b) = F(a+b,0) for all a, b.
3 A mismatch F(a,b) 6= F(a+b,0) for some a and b can only
occur when conformal anomalies are present. In particular, when a+ b is an odd number
or else if a is an odd number, the CFT can only have boundary conformal anomalies.4
In this paper we will compute F(a,b) for a number of cases. The calculation will be
done at zero coupling by considering free conformal scalars on Sa × Hb. We also discuss
the holographic (strong coupling) calculation for theories admitting a holographic dual in
terms of Einstein gravity.
Regularizing with a UV cut-off, in the presence of bulk conformal anomalies the free
energy will be proportional to logRΛ. Since R is the overall scale of the geometry, a con-
stant Weyl re-scaling induces a re-scaling of R. Thus, the free energy is sensitive to the
conformal anomaly. Specifically, the counterterm that eliminates the logarithmic diver-
gence is the one responsible for the trace anomaly in the stress tensor and the coefficient
in front of the log term is directly related to the anomaly.
The structure of this paper is as follows: in section 2 we set up the computation of the
free energy on Sa × Hb for free scalars. Since this will be compared against the Sa+b free
energy, in the same section we review the results for F(a+b,0). In section 3 we compute the
free energies F(a,b) for a number of cases. We first start with a = 1 and explicitly perform the
computation of F(1,b) for b = 2, · · · , 7. While the cases of b = 2, 3 have appeared in [29], the
cases b = 4, · · · , 7 offer new explicit and remarkable tests of the identity between thermal
entropy on S1 × Hb and entanglement entropy –or sphere free energy– (see also [30]). We
then focus on the cases for which the total dimension a + b is odd or in cases involving
odd spheres, where no bulk Weyl anomalies are expected. In these cases we find that
F(a,b) = F(a+b,0) as long as b is even. In section 4 we compute holographically the free energy
for a (strongly coupled) CFT admitting a holographic dual in terms of Einstein gravity.
We finish in section 5 with some concluding remarks. Appendix A reviews the computation
3We should be more precise here, as the free energy suffers from ambiguities coming from scheme-
dependent, regulated UV and IR divergences. As discussed below, here we focus on the logarithmic term
and, when this is absent, on the finite part of F .
4There can be also D-type anomalies. However, these can be absorbed into local counterterms in the
action. See e.g [27, 28] and references therein for discussions.
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of the regularized volume of the hyperbolic space. For completeness, appendix B provides
a review of the holographic computation of the free energy for a CFT on Sa+b. Finally, in
appendix C we include a proof that the family of spaces Sa ×AdSb admits Killing spinors.
Hence, supersymmetric theories can be defined on these spaces.
2 The weak coupling computation: preliminaries
The action for a conformally coupled scalar on Sa ×Hb is
S =
∫
ddx
√
g
(
∂µφ∂
µφ+
(d− 2)
4 (d− 1)Rφ
2
)
, (2.1)
where d = a+ b. Then, the free energy is given by
F(a,b) = − logZ =
1
2
Tr log
(
−∆+ (d− 2)
4 (d− 1)R
)
, (2.2)
with ∆ being the scalar Laplace operator. For our spaces this becomes
F(a,b) =
1
2
Tr log(−∆+M2) , (2.3)
M2 ≡ (a− b)(a+ b− 2)
4
. (2.4)
This can be computed as usual by the heat kernel method, or by a more explicit sum over
eigenvalues of the Laplacian.
Let us begin by reviewing the case of Sd, which plays a pivotal role in our discussion. It
is important to recall that the free energy suffers from UV divergences. Introducing a UV
cut-off Λ, in general F includes a sum over terms proportional to (RΛ)d−2n for n = 0, 1, · · · ,
plus some finite coefficient. In addition, in even dimensions, there is a logarithmic term.
Thus
d = 2k : F = Ad(RΛ)d +Ad−2(RΛ)d−2 + · · ·+A2(RΛ)2 +A log(RΛ) + F ,
d = 2k + 1 : F = Bd(RΛ)d + Bd−2(RΛ)d−2 + · · ·+ B1(RΛ)1 + F .
(2.5)
Counterterms can be added to remove UV divergences. In even dimensions, there is a
logarithmic term, whose coefficient is free of ambiguities. In odd dimensions, the finite term
depends on the scheme (in particular, it would change under a shift Λ → Λ+constant).
However, the finite part in odd dimensions is universal in the sense that it does not change
under re-scaling of Λ by a constant.
On the other hand, the free energy on a non-compact space such as Sa × Hb suffers,
in addition, from IR divergences. Similarly, there are universal terms once the power-law
divergences have been subtracted. The dimensional regularization of the volume of Hb
used in appendix A automatically leaves the universal terms (a finite term for even b, a
logarithmic divergent term for odd b). In odd dimensional spaces of the form S2n+1×H2k we
will be able to match the finite part of the free energy with the finite part in S2n+2k+1. This
of course requires using the same scheme for subtracting power divergences on both sides.
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A particular case in this family are the spaces S1×H2k+1, which have been extensively
studied in the literature, starting with [24]. As we will review below, the free energy has no
UV logarithmic divergences in this space. Instead, there is an IR logarithmic divergence
originating from the volume of H2k+1. In connecting the results on S1 × H2k+1 with the
results on S2k+2 one uses an UV/IR connection of the cutoffs, implied by the conformal
map between both spaces [24] (see also [13, 29]). One can extend this idea to the more
general family of spaces S2n+1 ×H2k+1, or to spaces H2k+1. There are no UV logarithmic
divergences on these spaces, but, likewise, there is an IR logarithmic divergence originating
from the volume of H2k+1. In comparing with the results of the sphere, one may similarly
expect that there is a relation between the corresponding IR and UV cutoffs implied by
the conformal map. We give an argument on appendix A.
The free energy F(d,0) = − logZ for a conformal free scalar on Sd is given by [31]
F(d,0) = −
1
sin
(
πd
2
)
Γ(1 + d)
∫ 1
0
duu sin(πu) Γ
(
d
2
+ u
)
Γ
(
d
2
− u
)
. (2.6)
In this paper we will explicitly study the cases d = 3, . . . , 8. The free energy on the sphere
S
a+b is
F(3,0) =
log 2
8
− 3
16π2
ζ(3) , F(4,0) =
1
90 ǫ
,
F(5,0) = −
log 2
128
− 1
128π2
ζ(3) +
15
256π4
ζ(5) , F(6,0) = −
1
756 ǫ
,
F(7,0) =
log 2
1024
+
41
30720π2
ζ(3)− 5
2048π4
ζ(5)− 63
4096π6
ζ(7) , F(8,0) =
23
113400 ǫ
.
(2.7)
The even case was obtained by doing dimensional regularization d → d− ǫ in the ǫ → 0+
limit, where the log(RΛ) gets traded by the 1ǫ pole. The even case reflects the a conformal
anomaly, which is proportional to the Euler characteristic of Sd (χ(Sd) = 2 for d even,
χ(Sd) = 0 for d odd).
2.1 The heat kernel
The free energy can be computed from the formula:
F(a,b) = −
1
2
∫ ∞
δ
dt
t
KHb KSa e
−M2t , (2.8)
where δ is a UV regulator, KHb , KSa are the heat kernels for Laplace operators of scalar
fields on Hb and Sa spaces, respectively.
Heat kernels in spheres and hyperbolic spaces have been extensively discussed in the
literature. Formulas for the heat kernel on hyperbolic spaces for real scalars are given e.g.
in appendix A of [32]. For odd b = 2n+ 1, the general formula reads
KH2n+1 = e
−n2t 1
(4πt)
1
2
( −1
2π sinh ρ
∂ρ
)n
e−
ρ2
4t . (2.9)
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The equal-point kernel is obtained by setting ρ = 0 and integrating over the Hb space. For
future reference, let us quote the result for b = 3, 5, 7:
KH3=
VH3
(4πt)
3
2
e−t, KH5=
VH5
(4πt)
5
2
(
1+
2t
3
)
e−4t, KH7=
VH7
(4πt)
7
2
(
1+2t+
16
15
t2
)
e−9t. (2.10)
The even b case can also be found in appendix A of [32]. However, for b even, as the heat ker-
nel is slightly more complicated, it is more convenient to compute the determinant directly
from the known expressions of the eigenvalues of the Laplace operator, as explained below.
Similar formulas for the heat kernel on spheres can be found, e.g., in section (2.1)
of [33]. Here we quote the cases that will be used in this paper:
KS1 =
β
(4πt)
1
2
∑
n 6=0
e−
n2β2
4t , KS2 =
VS2
4π
∞∑
n=0
(2n+ 1) e−n(n+1)t ,
KS3 =
VS3
2π2
∞∑
n=0
(n+ 1)2e−n(n+2)t . (2.11)
The formula for KS1 is obtained after Poisson resummation. For the S
3 case, we used the
simpler form given in [34], which uses the fact that the S3 is the SU(2) group manifold.
Note also that the heat kernel for the S1 assumes a generic length β for the circle.
2.2 Summing over eigenvalues
Alternatively, the determinants can also be computed from the explicit expression of the
eigenvalues of the Laplace operator and their degeneracy. We first write
∆ = ∆Sa +∆Hb . (2.12)
For scalar fields, the eigenvalues of the Laplacian on Sa are l(l+ a− 1) (l = 0, 1, · · · ), with
degeneracy d
(a)
l given by
d
(a)
l = (2l + a− 1)
Γ(l + a− 1)
Γ(a) Γ(l + 1)
. (2.13)
For Hb, we consider the metric (cf. (1.3))
ds2
Hb
= dy2 + sinh2 y ds2
Sb−1
, (2.14)
where the boundary is the sphere Sb−1. The Laplace operator and the density of states
on this space Hb have been studied in [35, 36]. The eigenvalues will be denoted by the
continuous variable λ, with a density of eigenvalues Φ(b) given by
Φ(b) dλ =
VHb
(4π)
b
2 Γ( b2)
|Γ(i r + ρb)|2
|Γ(i r)|2
dλ√
λ− ρ2b
, (2.15)
with
r ≡
√
λ− ρ2b , ρb ≡
b− 1
2
.
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For future reference, let us quote the explicit forms of the densities which we will need
Φ(2) =
VH2
4π
tanh
(
π
√
λ− 1
4
)
, Φ(3) =
VH3
√
λ− 1
4π2
,
Φ(4) =
VH4
16π2
(λ− 2) tanh
(
π
√
λ− 9
4
)
, Φ(5) =
VH5 (λ− 3)
√
λ− 4
24π3
, (2.16)
Φ(6) =
VH6
128π3
(24− 10λ+ λ2) tanh
(
π
√
λ− 25
4
)
, Φ(7) =
VH7 (40− 13λ+ λ2)
√
λ− 9
240π4
.
Substituting these expressions into (2.3) and (2.4), we thus obtain
F(a,b) =
1
2
∞∑
l=0
d
(a)
l
∫ ∞
ρ2
b
dλ Φ(b) log
(
λ+
(a− b)(a+ b− 2)
4
+ l(l + a− 1)
)
. (2.17)
The free energy will still depend on the volume of the Hb space. This volume is divergent
but it can be regularized [37] as discussed in appendix A.
3 Free conformal scalar on Sa × Hb
3.1 Spaces of the form S1 × Hb
Let us begin by considering free real scalar fields on S1 ×Hb. In this case we can view the
S
1 as a thermal circle.5 Assuming its length to be β (note that only the case β = 2π is
conformally related to S1+b), one may compute a β-dependent free energy. Then, it follows
that the associated thermal entropy coincides with the entanglement entropy across a
spherical surface in R1,b−2 [24],
S(1,b) = −F(1,b) + β∂βF(1,b)
∣∣∣
β=2π
. (3.1)
This entanglement entropy is, in turn, equal to minus the S1+b partition function as S(1,b) =
−F(1+b,0). We may then combine these ingredients to write
F(1+b,0) = F(1,b) − β∂βF(1,b)
∣∣∣
β=2π
. (3.2)
Typically, for spaces of odd dimension β∂βF(1,b)
∣∣∣
β=2π
identically vanishes [29] (see
also [39]).6
For these spaces, the mass coming from the conformal coupling to curvature is
M2 = −(b− 1)
2
4
. (3.3)
5It has been proposed [38] that the Renyi entropy is the same computed on geometries Snq × Hd−n, for
any n, where Snq is a branched sphere obtained by a conic defect in any circle of S
n. In the presence of
conformal anomalies, it is very unclear whether this could hold in general, aside from the known S1q ×Hd−1
case, but it would be interesting to explore this proposal by explicit calculations.
6It does not always vanish in higher spin examples [40].
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By shifting the integration variable λ− (b−1)24 → λ, the free energy (2.17) takes the form
F(1,b) =
1
2
∞∑
l=−∞
∫ ∞
0
dλ Φ(b) log
(
λ+ l2
)
. (3.4)
The sum over l can be computed using the product representation of sinh (see e.g. appendix
B in [29]). We obtain
F(1,b) =
∫ ∞
0
dλ Φ(b) log
(
2 sinh(π
√
λ)
)
. (3.5)
The formula is readily generalized to the case of an S1 of length β = 2πq by replacing
sinh(π
√
λ) → sinh(πq√λ).
In the b odd case, the free energy can be most directly computed by using the heat
kernel. Note that when b = 2k + 1, one has M2 = −k2 and the conformal coupling to
curvature exactly cancels the t exponential in the Hb heat kernel.
3.1.1 S1 × H2
We first compute the free energy for β = 2π, following [29]. Making use of the explicit
expression (2.16) for the eigenvalue density, the free energy (3.5) takes the form
F(1,2) =
VH2
4π
∫ ∞
0
dλ tanh
(
π
√
λ
)
log
(
2 sinh(π
√
λ)
)
. (3.6)
This can be written in the form:
F(1,2) =
VH2
4π
∫ ∞
0
dλ tanh
(
π
√
λ
)
log
(
1− e−2π
√
λ
)
+
VH2
4
∫ ∞
0
dλ tanh
(
π
√
λ
)√
λ . (3.7)
The second integral diverges. As in [29], we regulate it by subtracting the R3 free energy
density:
VH2
4
∫ ∞
0
dλ
√
λ . (3.8)
Thus, the regularized free energy is
F(1,2) =
VH2
4π
∫ ∞
0
dλ tanh
(
π
√
λ
)
log
(
1− e−2π
√
λ
)
+
VH2
4
∫ ∞
0
dλ
[
tanh
(
π
√
λ
)− 1]√λ .
The λ integrals can be computed using the formulas
VH2
4
∫ ∞
0
dλ
[
tanh
(
π
√
λ
)− 1]√λ = −3VH2 ζ(3)
16π3
, (3.9)
VH2
4π
∫ ∞
0
dλ tanh
(
π
√
λ
)
log
(
1− e−2π
√
λ
)
= −VH2
16π
(
log 2− 9ζ(3)
2π2
)
. (3.10)
One finally finds
F(1,2) = −
VH2
16π
log 2 +
3VH2ζ(3)
32π3
. (3.11)
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Using now VH2 = −2π, one gets [29]
F(1,2) =
log 2
8
− 3ζ(3)
16π2
= F(3,0) ; (3.12)
thus reproducing the result of the free energy on S3.
The formulas are readily generalized for an S1 of length β = 2πq (see also [29]). One
finds
F(1,2) =
VH2
4π
∫ ∞
0
dλ tanh
(
π
√
λ
)
log
(
1− e−2πq
√
λ
)
+
qVH2
4
∫ ∞
0
dλ
[
tanh
(
π
√
λ
)− 1]√λ .
(3.13)
It then follows that
∂F(1,2)
∂q
∣∣∣
q=1
= 0 . (3.14)
Thus, in this case, there is no new contribution from the term β∂βF(1,b). The same feature
holds for all even b cases.7
3.1.2 S1 × H3
Let us now consider the case S1 × H3 (also considered in the Discussion section of [29]).
From (2.8), (2.10), we have
F(1,3) = −
1
2
VH3β
(4π)2
∑
n 6=0
∫ ∞
δ
dt
t3
e−
n2β2
4t . (3.15)
Computing the integral and the infinite sum, we obtain
F(1,3) = −
π2 VH3
90β3
. (3.16)
We can now use (3.2) to find
− S(1,3) = −
VH3
180π
=
1
90ǫ
, (3.17)
where we have used that VH3 = −2πǫ (see appendix A). Switching from DREG to cut-
off regulated quantities, this coincides with the S4 free energy F(4,0) (cf. eq. (2.7)), if
one identifies the UV cutoff in F(4,0) with the IR cutoff in (3.17). A justification of this
identification –based on mapping the two cutoffs by using the conformal map between the
two spaces– is given in section 2 of [24] (see also [13, 29, 30] and appendix B).
The same result can be obtained by the alternative method of summing over eigenval-
ues. In this case
F(1,3) =
VH3
4π2
∫ ∞
0
dλ
√
λ log
(
2 sinh(πq
√
λ)
)
. (3.18)
That is,
F(1,3) =
VH3
4π2
∫ ∞
0
dλ
√
λ log
(
1− e−2πq
√
λ
)
+
qVH3
4π
∫ ∞
0
dλλ . (3.19)
The second term diverges. Like in the case of S1 ×H2, this divergence can be regularized
by subtracting the flat-theory free energy density. Computing the remaining integral, we
reproduce (3.16).
7The analogous statement for Zq orbifolds of the sphere has been argued in general in [39].
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3.1.3 S1 × H4
From (2.16) and (3.5), we obtain the following expression for the free energy for β = 2πq:
F(1,4) =
VH4
16π2
∫ ∞
0
dλ
(
λ+
1
4
)
tanh(π
√
λ) log
(
2 sinh(πq
√
λ)
)
. (3.20)
Again, we first separate the divergent integral by reorganizing the different terms and then
subtract the flat-theory free energy density. This leads to
F(1,4) =
VH4
16π2
∫ ∞
0
dλ
(
λ+
1
4
)
tanh(π
√
λ) log
(
1− e−2πq
√
λ
)
+
qVH4
16π
∫ ∞
0
dλ
(
λ+
1
4
) √
λ
(
tanh(π
√
λ)− 1) . (3.21)
We note that
∂F(1,4)
∂q
∣∣∣
q=1
= 0 . (3.22)
Thus there is no contribution from the term β∂βF(1,b). Hence in what follows we set q = 1.
For the first integral, we use (3.10) and∫ ∞
0
dλλ tanh(π
√
λ) log
(
1− e−2π
√
λ
)
= −3ζ(3)
16π2
+
225ζ(5)
64π4
− log(2)
32
. (3.23)
Computing the remaining integral, we find
F(1,4) = −
log 2
128
− 1
128π2
ζ(3) +
15
256π4
ζ(5) = F(5,0) ; (3.24)
thus showing the expected match.
3.1.4 S1 × H5
Using the heat kernel formula for the free energy (2.8), with the heat kernel KH5 given
in (2.10), we obtain
F = −1
2
VH5β
(4π)3
∑
n 6=0
∫ ∞
δ
dt
t4
e−
n2β2
4t
(
1 +
2t
3
)
. (3.25)
Computing the integral and the infinite sum, we now find
F(1,5) = −
π VH5 (8π
2 + 7β2)
3780β5
. (3.26)
The entanglement entropy is then computed from (3.1) and then setting β = 2π. This
gives
S(1,5) =
VH5
756π2
. (3.27)
Using that VH5 =
π2
ǫ , we finally obtain
S(1,5) =
1
756ǫ
. (3.28)
Thus, if one identifies IR and UV cutoffs (see discussion above), −S(1,5) matches the free
energy F(6,0) of a scalar in S
6, given in (2.7).
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3.1.5 S1 × H6
In this case, the formulas (3.5), (2.16) give
F(1,6) = −
1
240
∫ ∞
0
dλ
(
λ+
1
4
)(
λ+
9
4
)
tanh(π
√
λ) log
(
2 sinh(πq
√
λ)
)
. (3.29)
As in previous cases, we rewrite the formula by separating the divergent piece representing
the flat-theory free energy and then subtract this divergence. This leads to
F(1,6) = −
1
240
∫ ∞
0
dλ
(
λ+
1
4
)(
λ+
9
4
) (
tanh(π
√
λ) log
(
1− e−2πq
√
λ
)
+qπ
√
λ (tanh(π
√
λ)− 1)
)
. (3.30)
As in all even b cases, one finds that there is no contribution from the term β∂βF(1,b)
∣∣∣
β=2π
,
which vanishes identically. The integrals in (3.30) can be computing by expanding the log
and resumming the result after integration. Setting q = 1, we find
F(1,6) =
log 2
1024
+
41
30720π2
ζ(3)− 5
2048π4
ζ(5)− 63
4096π6
ζ(7) , (3.31)
which exactly agrees with the free energy F(7,0) on S
7; see (2.7).
3.1.6 S1 × H7
In this case, the free energy in the heat kernel representation (2.8), withKH7 given in (2.10),
takes the form
F(1,7) =
VH5β
(4π)4
∑
n 6=0
∫ ∞
δ
dt
t5
e−
n2β2
4t
(
1 + 2t+
16t2
15
)
. (3.32)
Computing the integral and the infinite sum, we now obtain
F(1,7) = −
VH7 (6π
4 + 10π2β2 + 7β4)
9450β7
. (3.33)
Hence, the entanglement entropy (3.1) is given by
S(1,7) =
23VH7
37800π3
= − 23
113400 ǫ
= −F(8,0) . (3.34)
where we used VH7 = −π
3
3ǫ . Thus, we see that this exactly matches free energy for a
conformal scalar field on S8, assuming that UV and IR cutoffs can be identified by the
arguments of [13, 24] (see discussion above and appendix B).
3.2 Spaces of the form S2n+1 × H2k
Since in odd dimensions the bulk anomaly vanishes, a conformal anomaly, if present, could
only originate from boundary contributions. Let us first concentrate on spaces of the form
S
2n+1 × H2k. For these cases we shall find that F(2n+2k+1,0) = F(2n+1,2k). The match is
striking, since the result involves a non-trivial combination of Riemann ζ-functions, arising
after a long calculation that uses expressions which are very different from the expressions
used for the spheres S2n+2k+1.
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3.2.1 S3 × H2
Our starting point is (2.17). The eigenvalues of the Laplace operator on S3 have degeneracy
d
(3)
l = (l + 1)
2. Therefore
F(3,2) =
1
2
∞∑
l=0
(l + 1)2
∫ ∞
1
4
dλ Φ(2) log
(
λ− 1
4
+ (l + 1)2
)
. (3.35)
By shifting λ by 14 and l by 1, one gets
F(3,2) =
VH2
8π
∞∑
l=1
l2
∫ ∞
0
dλ tanh(π
√
λ) log
(
λ+ l2
)
. (3.36)
The sum over l can be regularized as follows. We consider the auxiliary sum:
S1(m
2) =
∞∑
l=1
l2 log
(
λ+ l2 +m2
)
. (3.37)
Our original sum is then obtained as S1(m = 0). By differentiating S1 twice with respect
to m2 and performing the sum over l, we get
∂2m2S1 =
π
8 (m2 + λ) sinh2
(
π
√
m2 + λ
)(2π (m2 + λ)−√m2 + λ sinh (2π√m2 + λ)) .
This can be integrated twice (and then m2 set to zero), leading to the formula
Σ1(λ) ≡ S1(0) = −πλ
3/2
3
−λ log(1−e−2π
√
λ)+
√
λ
π
Li2(e
−2π
√
λ)+
1
2π2
Li3(e
−2π
√
λ) . (3.38)
Making use of this result, we obtain
F(3,2) = −
1
4
∫ ∞
0
dλΣ1(λ) tanh(π
√
λ) . (3.39)
Here we used that VH2 = −2π. The asymptotic λ → ∞ behavior of Σ1(λ) is
Σ∞1 = lim
λ→∞
Σ1(λ) = −π
3
λ
3
2 . (3.40)
Therefore, the regularized free energy is
F(3,2) = −
1
4
∫ ∞
0
dλ
(
Σ1(λ) tanh(π
√
λ)− Σ∞1
)
. (3.41)
To compute the integral one can introduce a new integration variable x = e−2π
√
λ and
expand the polylogarithms in powers of x. After some algebra, we find
F(3,2) = −
log 2
128
− 1
128π2
ζ(3) +
15
256π4
ζ(5) , (3.42)
which thus exactly matches the free energy F(5,0) (2.7) on the S
5.
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3.2.2 S3 × H4
Using (2.17) and the expression (2.16) for the eigenvalue density in H4, we are led to the
formula:
F(3,4) =
VH4
32π2
∞∑
l=0
l2
∫ ∞
0
dλ
(
λ+
1
4
)
tanh(π
√
λ) log
(
λ+ l2
)
. (3.43)
Computing the sum over l as in the previous case, we get
F(3,4) =
1
24
∫ ∞
0
dλ
(
λ+
1
4
)
tanh(π
√
λ) Σ1(λ) , (3.44)
where we used VH4 =
4π2
3 . Subtracting the flat-theory free energy, we find the finite
integral:
F(3,4) =
1
24
∫ ∞
0
dλ
(
λ+
1
4
) (
tanh(π
√
λ) Σ1(λ)− Σ∞1
)
. (3.45)
Computing the integrals, we finally get
F(3,4) =
log 2
1024
+
41
30720π2
ζ(3)− 5
2048π4
ζ(5)− 63
4096π6
ζ(7) . (3.46)
We again find exact match with the free energy F(7,0) on S
7, given in (2.7).
3.2.3 S5 × H2
From the general formula (2.17), we now get
F(5,2) =
1
2
∞∑
l=0
(l + 1)(l + 2)2(l + 3)
12
∫ ∞
1
4
dλ Φ(2) log
(
λ− 1
4
+ (l + 2)2
)
. (3.47)
Using the expression (2.16) for the eigenvalue density, shifting λ by 14 and using that
VH2 = −2π, we obtain
F(5,2) = −
1
48
∞∑
l=0
(l + 1)(l + 2)2(3 + l)
∫ ∞
0
dλ tanh(π
√
λ) log
(
λ+ (l + 2)2
)
. (3.48)
The sum over l is regularized along the same lines as above. Introduce now the auxiliary
sum
S2(m
2) =
∞∑
l=0
(l + 1)(l + 2)2(3 + l) log
(
λ+m2 + (l + 2)2
)
. (3.49)
It can be calculated by differentiating three times with respect to m2, i.e. by considering
∂3m2S2(m
2), then integrating three times and setting m2 = 0. We find
Σ2(λ)≡S2(0) = πλ
3
2
3
+
πλ
5
2
5
−λ(1+λ)Li1(e−2π
√
λ)−λ
1
2 (1+2λ)
π
Li2(e
−2π
√
λ)
−(1+6λ)
2π2
Li3(e
−2π
√
λ)− 3λ
1
2
π3
Li4(e
−2π
√
λ)− 3
2π4
Li5(e
−2π
√
λ). (3.50)
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Making use of this, we have
F(5,2) = −
1
48
∫ ∞
0
dλΣ2(λ) tanh(π
√
λ) . (3.51)
The asymptotic behavior of Σ2 for large λ is
Σ∞2 =
π
3
λ
3
2 +
π
5
λ
5
2 . (3.52)
Thus, the regularized free energy is given by
F(5,2) = −
1
48
∫ ∞
0
dλ
(
Σ2(λ) tanh(π
√
λ)− Σ∞2
)
. (3.53)
Computing the integrals, we finally find
F(5,2) =
log 2
1024
+
41
30720π2
ζ(3)− 5
2048π4
ζ(5)− 63
4096π6
ζ(7) = F(7,0) , (3.54)
which, strikingly, exactly matches the free energy F(7,0) (2.7) on S
7.
3.3 Spaces of the form S2n × H2k+1
3.3.1 H2k+1
The simplest subclass in S2n ×H2k+1 is when n = 0. The spaces H2k+1 are of course also
related to S2k+1 by a Weyl transformation (the precise Weyl transformation is easily found
by recalling that both spaces are conformally flat). Below it will be shown that, in this
case, F(2k+1,0) 6= F(0,2k+1). While F(2k+1,0), corresponding to the free energy of an odd
sphere, is a transcendental number involving zeta functions, see (2.7), in contrast F(0,2k+1)
contains a 1ǫ divergence (in DREG –or a log ρ0 in terms of the IR cutoff) multiplying a
rational number. Since this implies a logarithmic dependence on the scale, it suggests the
presence of a boundary conformal anomaly for the conformal field theory on H2k+1 (below
this will be confirmed independently for H3).
H
3. In this case the conformal mass is M2 = −34 . From (2.8) and (2.10), we find that the
free energy on H3 is given by
F(0,3) = −
1
2
VH3
(4π)
3
2
∫ ∞
δ
dt
t
5
2
e−
t
4 . (3.55)
This contains power-law divergences as δ → 0. The regularized free energy is obtained by
subtracting these terms:
F(0,3) = −
1
2
VH3
(4π)
3
2
∫ ∞
0
dt
t
5
2
(
e−
t
4 − 1 + t
4
)
= −VH3
96π
. (3.56)
Thus, we have
F(0,3) =
1
48
1
ǫ
. (3.57)
This agrees with the result of [41].
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We can reproduce the same result from the sum over eigenvalues. From (2.17), after a
shift in the λ integration variable, we get
F(0,3) =
VH3
8π2
∫ ∞
0
dλ
√
λ log
(
λ+
1
4
)
. (3.58)
We will regulate the divergent integral by zeta function regularization. We consider
VH3
8π2
∫ ∞
0
dλ
√
λ
(
λ+
1
4
)−s
=
22s−7VH3
π
3
2
Γ
(
s− 32
)
Γ(s)
, s >
3
2
. (3.59)
The integral (3.58) is then obtained by analytic continuation to the s → 0 limit, as the
coefficient of −s in the expansion in powers of s. This reproduces (3.57).
We may relate this result to the anomalous trace of the stress energy tensor. A pole
in ǫ in DREG for the volume of H3 corresponds to a term log ρ0, 1/ǫ → log ρ0, if one
regulates the IR divergence in terms of a cut-off ρ0 (see appendix A). The presence of a
log ρ0 term (given the UV/IR connection discussed in appendix A) suggests the existence
of a conformal anomaly due to boundary terms (note that a constant Weyl scaling can be
implemented by scaling ρ0). The contribution of boundary terms to the trace of the stress
tensor has been computed in [15, 16]. While these formulas have been derived for compact
spaces with boundary, we will naively extend them to our regularized hyperbolic space.
The general formula for the conformal anomaly containing the boundary contribution is
(see section 5 in [15]) ∫
M3
〈Tµµ 〉 =
c1
96
χ(∂M3) + c2
256π
∫
∂M3
Tr Θˆ , (3.60)
where, for a conformally coupled scalar with Dirichlet boundary conditions, c1 = −1,
c2 = 1. Here Θˆ is the trace-free extrinsic curvature of the boundary metric and χ(∂M3) is
the Euler number of the boundary metric. As for the former, recall that the H3 metric is
ds2 = dy2+sinh2 y dΩ22. Introducing sinh y = ρ, the metric becomes ds
2 = (1+ρ2)−1dρ2+
ρ2dΩ22. Thus, we can borrow the computation from footnote 10 below with b = 0, which
shows that the trace-free part of Θ vanishes. Since, on the other hand the boundary is an
S
2, for which χ(S2) = 2, we find ∫
H3
〈Tµµ 〉 = −
1
48
.
Thus, naive application of the formulas in [15, 16] shows the CFT on H3 has a conformal
anomaly due to boundary terms, whose coefficient is consistent with (3.57).
H
5. In this case M2 = −154 . Substituting the heat kernel for H5, given in (2.10), into the
free energy (2.8), we obtain
F(0,5) = −
1
2
VH5
(4π)
5
2
∫ ∞
δ
dt
t
7
2
(
1 +
2
3
t
)
e−
t
4 . (3.61)
Regularizing the integral as before to subtract the power-law divergent terms in δ, we find
F(0,5) = −
17
11520
1
ǫ
. (3.62)
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Likewise, we can recover the same result from explicitly summing over eigenvalues.
From (2.17), we now get
F(0,5) =
VH5
48π3
∫ ∞
0
dλ
√
λ (1 + λ) log
(
λ+
1
4
)
. (3.63)
The integral can be computed by zeta-function regularization as above. We consider
VH5
48π3
∫ ∞
0
dλ
√
λ (1 + λ)
(
λ+
1
4
)−s
=
VH5
3π
5
2
22s−11(8s− 17) Γ
(
s− 52
)
Γ(s)
, s >
5
2
. (3.64)
By analytic continuation to s → 0, the free energy (3.63) arises as the coefficient of −s.
This reproduces (3.62).
In conclusion, we find a log ρ0 term in the free energy for the CFT on H
5 with a precise
coefficient. The result is different from S5, suggesting the presence of a conformal anomaly,
whose origin must be boundary contributions to the trace of the stress tensor.
H
7. The conformal mass is now M2 = −354 . From (2.8), (2.10), we now obtain
F(0,7) = −
1
2
VH7
(4π)
7
2
∫ ∞
δ
dt
t
9
2
(
1 + 2t+
16
15
t2
)
e−
t
4 . (3.65)
Subtracting the power-law divergent terms in δ as above, we now find
F(0,7) =
367
1935360
1
ǫ
=
367
1935360
log ρ0 . (3.66)
We can again reproduce the same result from the explicit sum over eigenvalues. Now
the starting point is
F(0,7) =
VH7
480π4
∫ ∞
0
dλ (4 + 5λ+ λ2) log
(
λ+
1
4
)
. (3.67)
Using ζ function regularization, we recover the result (3.66) above. Thus we expect that
the CFT on H7 should also have a conformal anomaly originating from boundary terms.
3.3.2 S2 × H3
From the general formula (2.17), for this space we have
F(2,3) =
1
2
∞∑
l=0
(2l + 1)
∫ ∞
1
dλΦ(3) log
(
λ− 1 + (2l + 1)
2
4
)
. (3.68)
Using the explicit form of the density of eigenvalues given in (2.16) and shifting the inte-
gration variable λ → λ+ 1, we obtain
F(2,3) =
VH2
8π2
∞∑
l=0
(2l + 1)
∫ ∞
0
dλ
√
λ log
(
λ+
(2l + 1)2
4
)
. (3.69)
We can now introduce Schwinger’s proper-time parameter and write
F(2,3) = −
VH2
8π2
∞∑
l=0
(2l + 1)
∫ ∞
δ
dt
t
∫ ∞
0
dλ
√
λ e
−t
(
λ+
(2l+1)2
4
)
. (3.70)
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Computing the integral over λ, we find
F(2,3) = −
VH3
2 (4π)
3
2
∫ ∞
δ
dt
t
5
2
∞∑
l=0
(2l + 1) e−
(2l+1)2
4
t . (3.71)
This recovers the heat kernel formula (2.8). The integral contains non-physical divergences
in the δ → 0 limit. The finite part of the integral is obtained by an appropriate subtraction,
by defining the regularized free energy as follows:
F(2,3) = −
VH3
2 (4π)
3
2
∫ ∞
0
dt
t
5
2
∞∑
l=0
(2l + 1)
(
e−
(2l+1)2
4
t − 1 + (2l + 1)
2
4
t
)
. (3.72)
Computing the integral over t (or, alternatively, keeping the finite part in the δ → 0 limit
of (3.71)) gives
F(2,3) = −
VH3
96π
∞∑
l=0
(2l + 1)4 . (3.73)
The sum can be computed using zeta function regularization, using∑
l=0
(2l + 1)−s =
(
1− 2−s) ζ(s) . (3.74)
Since ζ(−4) = 0, we obtain
F(2,3) = 0 . (3.75)
It should be noted that this result strictly holds for the coefficient of the 1/ǫ pole in
VH3 = −2π/ǫ. A finite part of O(ǫ0) is in general expected, though it is much more subtle
to calculate and it is likely to be non-universal. A possible approach to compute the O(ǫ0)
term in full-fledged dimensional regularization is by starting with (2.17) with Φ(3−ǫ) given
by (2.15). This leaves a finite number containing combinations of ζ ′(−4), γE and derivatives
of Γ functions, which indeed suggests strong dependence on the regularization scheme.
3.3.3 S2 × H5
Using (2.17), here we get
F(2,5) =
1
2
∞∑
l=0
(2l + 1)
∫ ∞
4
dλ Φ(5) log
(
λ− 4 + (2l + 1)
2
4
)
, (3.76)
with Φ(5) given in (2.16). We can follow the same steps as before. After shifting λ → λ+4,
and upon introducing a proper-time parameter, the λ integral is easily done, leading to
F(2,5) = −
VH5
6 (4π)
5
2
∫ ∞
δ
dt
t
7
2
∑
l=0
(2l + 1) (3 + 2t) e−
(2l+1)2
4
t . (3.77)
Computing the t integral keeping the physical finite terms in the δ → 0 limit and performing
the l sum as above, we find
F(2,5) =
VH5
11520π2
∞∑
l=0
(
3(2l + 1)6 − 20(2l + 1)4) . (3.78)
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In ζ-function regularization, this is proportional to a linear combination of ζ(−4) and
ζ(−6). Therefore
F(2,5) = 0 . (3.79)
As in the previous case, this result strictly holds for the coefficient of the 1/ǫ pole in
VH5 = π
2/ǫ. In dimensional regularization there is a residual O(ǫ0) finite part which
appears to be strongly sensitive to the regularization scheme.
3.3.4 S4 × H3
For this space, (2.17) becomes
F(4,3) =
1
12
∞∑
l=0
(l + 1)(l + 2)(2l + 3)
∫ ∞
1
dλ Φ(3) log
(
λ− 1 + (2l + 3)
2
4
)
. (3.80)
Using the expression for the eigenvalue density Φ(3) given in (2.16) and shifting λ− 1 → λ
we find
F(4,3) =
VH3
48π2
∞∑
l=0
(l + 1)(l + 2)(2l + 3)
∫ ∞
0
dλ
√
λ log
(
λ+
(2l + 3)2
4
)
. (3.81)
Just as in the previous cases, upon introducing a proper-time parameter, the integral over
λ is easily done, giving
F(4,3) = −
VH3
24 (4π)
3
2
∫ ∞
δ
dt
t
5
2
∑
l=0
(l + 1)(l + 2)(2l + 3) e−
(2l+3)2
4
t . (3.82)
Keeping the finite term in the δ → 0 expansion of the integral, we find
F(4,3) =
VH3
4608π
∞∑
l=0
(
(2l + 1)4 − (2l + 1)6) . (3.83)
Using ζ function regularization, like in the previous case, we find
F(4,3) = 0 , (3.84)
for the coefficient of the 1/ǫ pole (as in the two previous cases, we omit the calculation of
the much more subtle O(ǫ0) term).
3.4 Spaces of the form S2n+1 × H2k+1
We have already studied one subclass of these spaces, namely the case n = 0 corresponding
to S1 × H2k+1. We found that the free energy exhibits a boundary anomaly and it is
proportional to 1/ǫ = log ρ0. The free energy does not match the free energy of S
2k+2,
but for S1 ×H2k+1 there is a thermodynamic interpretation by which one can identify the
entanglement entropy and check that it matches with the entanglement entropy on S2k+2.
For the cases with n > 0, there is no thermodynamic interpretation as one does not have a
thermal circle. However, like in the n = 0 case, the free energy on the spaces S2n+1×H2k+1
also exhibits a logarithmic IR divergent term log ρ0, which, through the UV/IR connection,
indicates the presence of a boundary conformal anomaly. In what follows, we will compute
it for the case S3 ×H3, which is the example of lowest dimension in this class and already
illustrates the main features.
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3.4.1 S3 × H3
Using the heat kernel (for coincident points) for S3 and adding the mass coming from the
conformal coupling to curvature, we find that the free energy is
F(3,3) = −
VH3VS3
32π
7
2
∞∑
n=1
∫ ∞
δ
dt
t
5
2
n2e−n
2t . (3.85)
Computing the finite part of the integral and the sum (using ζ function regularization), we
obtain
F(3,3) =
VH3VS3
6048π3
. (3.86)
Using that VS3 = 2π
2 and that VH3 = −2πǫ , we find
F(3,3) = −
1
1512
1
ǫ
. (3.87)
As in the case H3 discussed in section 3.3.1, the presence of an ǫ pole (1/ǫ = log ρ0) suggests
that the CFT on S3 ×H3 has a boundary conformal anomaly Note that the coefficients of
the IR and UV logarithmic terms in F(3,3) and F(6,0) differ by a factor 1/2. The CFT in
both spaces S3×H3 and S6 has a conformal anomaly but the origin is different. The space
S
3 × H3 has vanishing Weyl tensor and vanishing Euler characteristic, since χ(S3) = 0.
Thus the trace of the stress tensor can only receive contributions from boundary terms.
We have already seen this feature explicitly in the H3 example in (3.60). We will return to
this in section 4.
As a check, let us now compute F(3,3) by the alternative method of explicitly summing
over eigenvalues. From (2.17), we have
F(3,3) =
1
2
∞∑
l=0
(l + 1)2
∫ ∞
1
dλΦ(3) log
(
λ− 1 + (l + 1)2
)
. (3.88)
Substituting Φ(3) given in (2.16) and upon a shift λ → λ − 1 in the integration variable,
we find
F(3,3) =
VH3
8π2
∞∑
l=1
l2
∫ ∞
0
dλ
√
λ log
(
λ+ l2
)
. (3.89)
The integral can be regulated by considering∫ ∞
0
dλ
√
λ
(
λ+ l2
)−s
=
l3−2s
√
πΓ(s− 3/2)
2Γ(s)
, (3.90)
and extracting the linear term in s in the expansion in powers of s. Then, computing the
sum over l using ζ function regularization, we reproduce the result (3.87).
4 Strongly coupled fields on Sa × Hb
Let us consider a general CFT in d = a + b dimensions at strong coupling, admitting a
gravity dual as a solution to the Einstein-Hilbert action in D = a+ b+ 1 dimensions with
non-zero cosmological constant,
SEH = − 1
16πGN
∫
dDx
√
g
(
R− 2Λ
)
, Λ = −(D − 1)(D − 2)
2
. (4.1)
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A vacuum solution is AdSD, which can be written in the following coordinates,
ds2 =
dr2
(1 + r2)
+ r2 ds2Sa + (1 + r
2) ds2AdSb . (4.2)
As r → ∞, the above metric is asymptotic to
ds2 =
dr2
r2
+ r2 (ds2Sa + ds
2
AdSb
) . (4.3)
Therefore, (4.2) describes AdSD space with boundary S
a × AdSb. Thus, this space is the
natural candidate to support the holographic dual to the CFT on Sa ×AdSb. We can now
Wick rotate the AdSb into H
b to find the holographic dual of a generic CFTa+b on S
a×Hb.
4.1 Free energy from gravity
Let us evaluate the on-shell action on our background. Using the value of the scalar
curvature R = −D(D − 1), we find
SosEH =
(a+ b)
8πGN
∫
da+b+1x
√
g =
(a+ b)
8πGN
(∫
Sa
√
gSa
)(∫
Hb
√
gHb
) ∫ r0
0
dr ra (1 + r2)
b−1
2 ,
(4.4)
where we introduced a cut-off r0 in the radial coordinate. Then
SosEH =
VSa VHb
8πGN
(a+ b)
(a+ 1)
ra+10 2F1
(
a+ 1
2
,
1− b
2
, 1 +
a+ 1
2
;−r20
)
. (4.5)
As it is well-known, in order to have a well-defined variational problem, the action
should be supplied by the Gibbons-Hawking surface term, which must be then evaluated
on-shell to compute the holographic free energy:
SosGH = −
1
8πGN
∫
∂
√
γΘ . (4.6)
Here hab is the induced metric on the boundary and Θ is the extrinsic curvature. Note
that a vector normal to the boundary is
n =
√
1 + r2∂r , (4.7)
while the boundary metric is
ds2γ = r
2ds2Sa + (1 + r
2)ds2
Hb
. (4.8)
Thus
√
γ = ra (1 + r2)
b
2
√
gSa
√
gHb . (4.9)
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Therefore, the Gibbons-Hawking term evaluated on the cut-off surface is8
SosGH = −
VSa VHb
8πGN
ra−10 (1 + r
2
0)
b−1
2 (a+ (a+ b)r20) . (4.11)
In addition, in order to implement holographic renormalization, we need to add coun-
terterms (to be evaluated on-shell as well). Up to dimension D = 6, they are given by [42]
SosCT =
1
8πGN
∫
∂
√
γ
[
(D−2)+ 1
2(D − 3) R+
1
2(D − 5)(D − 3)2
(
RabRab− D − 1
4(D − 2) R
2
)]
,
(4.12)
where Rab is the Ricci curvature of the boundary metric and R is its scalar curvature (the
second and third counterterms are strictly needed only for D > 3 and D > 5, respectively).
For the space Sa ×Hb, one has
R = a(a− 1)
r20
− b(b− 1)
1 + r20
, RabRab = a(a− 1)
2
r40
+
b(b− 1)2
(1 + r20)
2
. (4.13)
Using these ingredients, we are in place to holographically compute the free energy corre-
sponding to strongly coupled CFT’s dual on Sa ×Hb as
F holo(a,b) = S
os
EH + S
os
GH + S
os
CT . (4.14)
The case a = 1 has been already considered in [42]. Thus, in the following we will discuss
the remaining cases.
4.1.1 S2n+1 × H2k
These cases contain no logarithmic divergent log r0 term. Expanding the renormalized
action (4.14) at large r0, we find that the leading term is cut-off independent and reads
(recall that here a = 2n+ 1, b = 2k)
F holo(a,b) =
VSa VHb
8πGN
(a+ b) Γ
(
3+a
2
)
Γ
(
−a−b
2
)
(1 + a) Γ
(
1−b
2
) . (4.15)
Since b = 2k, there is no logarithmic IR divergent term in the volume of Hb (see ap-
pendix A). Substituting the value of the volumes of Sa and Hb , this becomes (D = a+b+1)
F holo(2n+1,2k) = −
π
D−3
2 Γ
(
3−D
2
)
4GN
= F holo(2n+1+2k,0) , (4.16)
8As a check, note that n =
√
1 + r2 ∂r. Therefore n
r =
√
1 + r2. Then Θµν = −γρµ∇ρnν , so Θab =
−γca∇cnb, where latin indices stand for boundary indices. In turn, since ∇ρnν = ∂ρnν + Γανρnα, we have
∇cnb = ∂cnb + Γrbcnr = Γrbcnr = 12grr∂rgbc nr. Therefore (gab = γab) Θa b =
√
1+r2
2
γac∂rγcb Then, as a
matrix
Θa b =


√
1+r2
r
1a×a
r
(1+r2)
1
2
1b×b

 . (4.10)
From here it follows that Θ = Θb b =
a+(a+b)r2
r
√
1+r2
.
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where in the last step we have used (B.8). This shows that, just as in the free scalar model
of section 3, the free energy for a strongly coupled CFT on S2n+1 × H2k equals that on
S
2n+1+2k, thus showing the absence of conformal anomalies –in particular, the absence of
boundary conformal anomalies.
4.1.2 S2n × H2k
Let us now consider cases of even total dimension, concentrating on spaces of the form
S
2n × H2k. Being an even-dimensional space, one should in general expect the presence
of bulk conformal anomalies, showing up in the free energy through a logarithmic term in
log r0. Starting with the case of total dimension 4, a straightforward application of (4.14)
yields (we only quote the logarithmic term)
F holo(4,0) = F
holo
(2,2) =
π
2GN
log r0 , F
holo
(0,4) =
π
4GN
log r0 . (4.17)
The S4 and H4 cases were originally computed in [42], being both formally the same up to
a factor of two due to the volume ratio VS4/VH4 = 2.
Let us now move to the case of total dimension 6. We now find
F holo(6,0) = F
holo
(4,2) = F
holo
(2,4) = −
π2
4GN
log r0 , F
holo
(0,6) = −
π2
8GN
log r0 . (4.18)
The cases of the S6 and the H6 were also computed in [42], finding that they are formally
identical up to a relative factor of 2 originating from the volume factors as described above.
On the other hand, the remaining cases yield a free energy equal to that of the S6.
In order to understand these results, note first that the boundary of H2k is S2k−1, an
odd-dimensional space. While in [5, 13, 15] conformal boundary anomalies have also been
proposed for odd-dimensional boundaries, here we are finding that, at least for our spaces,
there are no conformal boundary anomalies when the dimension of the boundary is odd (see
section 5 for further comments on this). In turn, the bulk conformal anomaly must come
from the A-type anomaly, and hence the ratio of free energies must be proportional to the
ratio of Euler numbers. The Euler number of the non-compact hyperbolic space can be de-
fined as usual by including a suitable boundary term in the definition. This gives χ(H2k) =
1.9 Therefore χ(S2n × H2k) = χ(S2n+2k) as long as n 6= 0, while χ(H2k) = 12χ(S2k), thus
precisely matching the pattern of free energies (4.17), (4.18) which we have found.
4.1.3 S2n × H2k+1
Let us briefly comment on the case S2n × H2k+1. The particular case n = 0, k = 1 was
computed in [42], where it was shown to vanish. This result holds for all spaces of the form
H
2k+1, moreover, for all spaces of the form S2n×H2k+1. This can be seen as follows. After
expanding (4.14) in powers of r0, we find that there is no finite (nor any logarithmic) term.
For instance, for the case S2 ×H3, one finds
F holo(2,3) =
VS2VH3
32πGN
1
r0
− VS2VH3
768πGN
1
r30
+ · · · → 0 . (4.19)
9This is also consistent with our regularization for VH2k and a simple application of the Gauss-Bonnet
formula [43, 44], VS2kχ(H
2k) = (−1)k2VH2k .
– 22 –
J
H
E
P
1
0
(
2
0
1
7
)
0
8
4
Note that inside VH2k+1 there is a hidden log
R
ρ0
, where ρ0 is a cutoff in the hyperbolic space
H
2k+1 (this corresponds to the pole in DREG, see appendix A). But all terms vanish as
r0 → ∞. Remarkably, this is entirely consistent with our findings for conformal free scalars
on S2n ×H2k+1, where the free energy in these spaces was found to vanish, at least for the
coefficient of VH2k+1 in dimensional regularization.
It would be interesting to understand if there is a finite remnant, perhaps originating
from surface terms on the boundary of H2k+1, and whether this matches with the free
energy (B.8) of S2n+2k+1.
4.1.4 S2n+1 × H2k+1
Here we consider as an example S3 ×H3. Using our expressions above, we find that
F holo(3,3) =
VH3 VS3
32πGN
. (4.20)
Recall, nevertheless, that VH3 contains a log
R
ρ0
term (or an ǫ pole, in DREG). Therefore,
making use of our formula (A.3) and the volume of the 3-sphere (A.4), we find
F holo(3,3) = −
π2
8GN
log ρ0 . (4.21)
Note that this is neither the free energy on S6, S4 × H2, S2 × H4, nor the free energy on
H
6, thus explicitly showing the presence of a conformal anomaly. We recall that there is
an A-anomaly on the spaces S2n ×H6−2n. On the other hand, the A-anomaly vanishes on
S
2n+1 × H2k+1, since the Euler characteristic is zero, but there can still be a contribution
to the conformal anomaly from boundary terms (see [15] for a general construction).
The logarithmic dependence on the scale suggests that the conformal anomaly pro-
duced by boundary terms can be read from the coefficient of the log term in (4.21). It is
interesting that this coefficient differs from the A anomaly coefficient on S6, given in (4.18),
by a factor 1/2, and that the same relative factor appears in the ratio of the coefficients of
IR and UV log terms in F(3,3) and F(6,0) computed at weak coupling for a free conformal
scalar (see (3.87), (2.7)). This could be a consequence of the form of the boundary con-
tribution to the anomaly. From the expressions for two-dimensional and four-dimensional
boundaries discussed in [15], one may guess that such boundary anomaly involves either the
Euler number of the boundary or the Weyl tensor and trace-free part of the extrinsic cur-
vature (cf. (3.60)). Since the latter two tensors vanish in our case, the boundary anomaly
would be given by a general expression of the form
∫ 〈T 〉 = c∂χ(∂M) for some coefficient
c∂ . Our findings suggest that, at least as long as n 6= 0, c∂ is proportional to the a central
charge with some universal coefficient whose origin would be very interesting to clarify.
5 Discussion
Boundary conformal anomalies have been comparatively poorly studied with respect to
their bulk counterparts. Indeed, to the best of our knowledge, there is no comprehensive
study of these in arbitrary dimension. In this paper we have introduced an interesting class
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of spaces, namely Sa ×Hb, conformally related to Sa+b where boundary anomalies play an
important role.
We have studied a free conformal scalar as well as strongly coupled CFT’s (the latter
through holography) on Sa × Hb. The case a = 1 is somewhat special, as it permits an
interpretation in terms of entanglement entropy across a b−2-dimensional sphere. Through
this connection it is possible to argue that the relation between F(1+b,0) and F(1,b) is precisely
given by (3.2). It is worth noting that F(1+b,0) −F(1,b) = −β∂βF(1,b) ≡ ∆b, when evaluated
at β = 2π, measures the total conformal anomaly ∆b, coming in principle both from bulk
and boundary contributions (see e.g. [30]). Recall now that ∆b is zero for even b = 2k,
while, as argued in [13], ∆b contains boundary contributions for odd b = 2k + 1. The
boundary anomaly is supported on the even-dimensional S2k at the boundary of H2k+1.
More generally, consider the families of spaces S2n+1×H2k and S2n+1×H2k+1. The bulk
conformal anomaly vanishes on these spaces because they have zero Euler characteristic
and vanishing Weyl tensor (so both a and c bulk anomaly contributions vanish). For the
first family of spaces, S2n+1×H2k, our results, both at weak coupling and strong coupling,
show that F(2n+1,2k) = F(2n+1+2k,0), implying that also the boundary conformal anomaly
vanishes.10 However, for the second family of spaces, we find F(2n+1,2k+1) 6= F(2n+2k+2,0).
This shows that, at least in the class of spaces S2n+1 ×Hb, boundary conformal anomalies
only appear when the boundary space Sb−1 has even dimension.
In the case of H3, we related our result to the general expression for the boundary
contribution to the trace of the stress tensor, given in [15]. We stress that it is the coefficient
of an IR logarithmic divergence what is related to the conformal anomaly. This is related
to the underlying UV/IR connection discussed in appendix A (see also [13, 24]). This
implies that a short-distance cutoff δ on a conformally related geometry is equivalent to
an IR cutoff ρ0 on H
3, δ ∼ 1/ρ0. In additon, assuming this connection, we used the
formula in [15] to compute the trace of the stress tensor, finding a perfect matching with
the prediction coming from the coefficient of the IR logarithmic divergence. It would be
extremely interesting to undertake a general analysis of the boundary anomalies extending
the work of [15], perhaps leading to a prediction of the boundary anomalies found here,
presumably in terms of the central charges of the CFT.
As another example of this, we have studied the case of S3×H3, where we have explicitly
seen the appearance of the boundary anomaly. Interestingly, we have seen that the ratio of
coefficients of the IR and UV logarithmic terms in F(3,3) and F(6,0) is 1/2, both for the weak
coupling computation as well as for the holographic computation. We have also computed
F(5,5), finding an IR logarithmic term whose coefficient is 1/2 the coefficient in the UV log-
arithmic term of F(10,0). It would be very interesting to prove such patterns, compare them
to holography and understand them from the general form of the trace of the stress tensor.
The odd-dimensional cases S2n×H2k+1 remain puzzling. Since they are free from bulk
conformal anomalies, they may only suffer from boundary anomalies. Indeed, the case
n = 0, k = 1 allowed us to explicitly test this by matching our result to the prediction
10This is consistent with the general expression for the trace of the stress tensor for spaces with odd-
dimensional boundaries given in [15], which is expressed in terms of the Weyl tensor and the trace-free part
of the extrinsic curvature, both vanishing when the boundary is S2k−1.
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of [15]. However, for n 6= 0, we seem to find that there is no logarithmic term (i.e. no
pole in DREG).11 The absence of a logarithmic term suggests that there is no boundary
anomaly either. In turn, at strong coupling the holographic computation gives a vanishing
free energy irrespective of the value of n. It would be important to understand these cases
at least qualitatively, since, in principle, extra counterterms due to boundary effects might
give new non-trival contributions [8, 19–22].
We also showed that supersymmetric field theories can be defined on spaces Sa × Hb
(see appendix C). It would be extremely interesting to compute the partition function
on Sa × Hb by supersymmetric localization for supersymmetric gauge theories in various
dimensions. In particular, in the large N limit, the localization results may be directly
compared with our results for the holographic free energy.12
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A Regularized volume of Hb and UV/IR connection
Here we review the computation of the regularized volume of Hb [24, 37, 48]. Let us consider
H
b with metric
ds2 = dy2 + sinh2 y ds2
Sb−1
=
dρ2
1 + ρ2
+ ρ2 ds2
Sb−1
. (A.1)
Following [24, 37, 48], we regularize the volume by putting a UV boundary at ρ0 as
VHb = VSb−1
∫ ρ0
0
dρ
ρb−1√
1 + ρ2
. (A.2)
Expanding at large ρ0, one finds a logarithmic divergence when b is odd. Alternatively, in
the limit ρ0 → ∞, the integral can be computed in dimensional regularization. This gives
VHb =
Γ
(
1−b
2
)
π
1−b
2
. (A.3)
For odd b one can expand as b = 2n + 1 − ǫ for ǫ → 0+. The leading pole in ǫ gives the
coefficient of the logarithmic term log ρ0 (see discussions in e.g. [49]).
11Our results show that there is a scheme where the logarithmic term is absent. This property should be
universal in the sense that it still holds under scaling of the cutoff. However, a logarithmic term might in
principle appear in another regularization scheme. We thank A. Tseytlin for making this point.
12Examples of localization on hyperbolic spaces can be found in [45–47].
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We will also make use of the explicit formula for the volume of an a-dimensional sphere:
VSa =
2π
a+1
2
Γ
(
a+1
2
) . (A.4)
Let us now discuss the connection between the IR cutoff on Sa × H2k+1 and the UV
cutoff on Sa+2k+1 induced by the conformal map, generalizing the arguments of [24] for
S
1×H2k+1 to our case. From (1.3), we see that a covariant, short-distance UV cutoff δ2
S2k+1
on the sphere is related to a covariant UV cutoff δ2
H2k+1
on the hyperbolic space by
δ2
S2k+1
≈ 1
ρ20
δ2
H2k+1
, (A.5)
where we have used ρ = sinh y, ρ0 ≫ 1. Thus the UV momentum cutoff on the sphere
Λ ≡ 1/δS2k+1 is linearly related to the IR cutoff ρ0 on the volume of H2k+1. The case a = 0
has to be treated separately, since the conformal map is different. Consider for example
H
2k+1 with metric
ds2
H2k+1
=
dxidxi
(1− xixi)2 =
dρ2
1 + ρ2
+ ρ2ds2
S2k
. (A.6)
An IR cutoff at ρ0 ≫ 1 implies r2 = xixi = 1− 2δ, δ ∼ 1/ρ0. A covariant UV cutoff δ2S2k+1
on the sphere is related to a covariant UV cutoff δ2
H2k+1
on the hyperbolic space by
δ2
S2k+1
=
(1− r2)2
(1 + r2)2
δ2
H2k+1
≈ 1
ρ20
δ2
H2k+1
, (A.7)
leading to the same linear relation between Λ = 1/δS2k+1 and ρ0.
B Free energy on spheres
In this appendix we include the holographic derivation of the free energy for a CFT on
S
D−1. To that matter, let us consider euclidean AdSD with metric
ds2 =
dr2
1 + r2
+ r2ds2
SD−1
. (B.1)
Since the curvature of AdSD is R = −D(D − 1), the on-shell Einstein-Hilbert action is
SosEH =
VSD−1
8πGN
(D − 1)
∫ r0
0
dr
rD−1√
1 + r2
=
VSD−1
8πGN
(D − 1)
D
rD0 2F1
(
1
2
,
D
2
, 1 +
D
2
,−r20
)
. (B.2)
In turn, the induced metric on the boundary is dξahabdξ
b = r2ds2
SD−1
, while the normal
vector to the boundary is
n =
√
1 + r2 ∂r . (B.3)
Thus, the Gibbons-Hawking term is
SosGH = −
1
8πGN
∫
∂
√
1 + r2 ∂r(
√
γ) = −VSD−1
8πGN
(D − 1)
√
1 + r20 r
D−2
0 . (B.4)
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In order to compute the counterterms, note that, when evaluated at the cut-off surface
R = (D − 1)(D − 2)
r20
, Rab = (D − 2)
r20
γab . (B.5)
Hence RabRab = (D−2)
2 (D−1)
r40
. Thus the counterterm piece is
SosCT =
VSD−1
8πGN
(
− (D − 2)(D − 1)
8 (D − 5) r
D−5
0 +
(D − 2)(D − 1)
2 (D − 3) r
D−3
0 + (D − 2) rD−10
)
. (B.6)
We can now compute the free energy by adding the Einstein-Hilbert, Gibbons-Hawking
and counterterm contribution upon expanding for large r0. We find
F holo(D−1,0) =
VSD−1
8πGN
(D − 1)
D
Γ
(
1−D
2
)
Γ
(
2+D
2
)
√
π
. (B.7)
For odd D, this formula is to be understood in dimensional regularization, since there is a
1/ǫ pole associated with a logarithmic term (see [42]).13 Finally, using the formula (A.4)
for the volume of the SD−1, we get
F holo(D−1,0) = −
1
8πGN
2π
D−1
2 Γ
(
3−D
2
)
. (B.8)
C Supersymmetry on Sa × AdSb
Being conformally related to spheres, one may expect that the family of geometries
S
a × AdSb can support supersymmetric theories on them. In this appendix we explicitly
study the SUSY of the geometries under consideration (see [51] for related developments).
Consider the metric
ds2 = ds2Sa + ds
2
AdSb
. (C.1)
The conformal Killing spinor equation is the form
∇mǫ− cΓmη = 0 , (C.2)
where ǫ is the Poincare spinor, η the superconformal spinor and c some constant depending
on dimensionality. Note that, because of the product structure of the space, the spin
connection appearing in the covariant derivative will have either all indices along the sphere
S
a or all indices along the AdSb. Let us denote the sphere indices by i, j · · · and the AdS
indices by I, J, · · · .
Let us now assume that ǫ = ǫS ⊗ ǫAdS and η = ηS ⊗ ηAdS. We now need to write down
the Dirac matrices for Sa × AdSb. The decomposition depends on a, b being odd or even.
In order to illustrate the details, let us first consider the (a even, b odd) case. We will
use some results from [52]. The Dirac matrices are
Γi = γi ⊗ 1 , ΓI = γS ⊗ γI ; (C.3)
13We will also assume minimal holographic renormalization, corresponding to a scheme where D-type
anomalies are absent. See [27, 50] for discussions.
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where γi, γI and γS are the respectively the S
a Dirac matrices, the AdSb Dirac matrices
and the Sa chirality operator satisfying γ2S = 1. Clearly
∇iǫ = ∇iǫS ⊗ ǫAdS , (C.4)
∇Iǫ = ǫS ⊗∇IǫAdS . (C.5)
Then the Killing spinor equation becomes
∇iǫS ⊗ ǫAdS − cγiηS ⊗ ηAdS = 0 , (C.6)
ǫS ⊗∇IǫAdS − cγSηS ⊗ γIηAdS = 0 . (C.7)
This is satisfied as long as the following equations hold
∇iǫS = cγiηS , ∇IǫAdS = cγIηAdS . (C.8)
However, note that if we Γ-trace the original equation, we find
/∇ǫ = c (a+ b)η . (C.9)
Since
/∇ǫ = /∇SǫS ⊗ ǫAdS + γSǫS ⊗ /∇AdSǫAdS , (C.10)
we have that
/∇SǫS ⊗ ǫAdS + γSǫS ⊗ /∇AdSǫAdS = c(a+ b)ηS ⊗ ηAdS . (C.11)
From (C.8) we have /∇SǫS = c a ηS and /∇AdSǫAdS = c b ηAdS. Thus
a ηS ⊗ ǫAdS + bγSǫS ⊗ ηAdS = (a+ b)ηS ⊗ ηAdS . (C.12)
Hence, if we take ǫAdS = ηAdS and γSǫS = ηS , the equation is satisfied. In turn, (C.8)
reduces to
∇iǫS = cγiγSǫS , ∇IǫAdS = cγIǫAdS . (C.13)
These equations are precisely the Killing spinor equations on Sa and AdSb. It should be
stressed that this is true for equal radii Sa and Hb, which is precisely the case when the
geometry is conformal to Sa+b.
The other cases follow in a similar fashion. For instance, let us now consider (a even,
b even). There are two choices for the Dirac matrices [52]
• i): Γi = γi ⊗ 1 , ΓI = γS ⊗ γI .
This is formally the same computation as the case (a even, b odd), just taking into
account that now b is even. Thus, we have ǫ = ǫS ⊗ ǫAdS, where the sphere and AdS
Killing spinors satisfy, respectively (we set c = 12)
∇iǫS = 1
2
γiγSǫS , ∇IǫAdS = 1
2
γIǫAdS . (C.14)
• ii): Γi = γi ⊗ γAdS , ΓI = 1⊗ γI .
This is formally the same computation as the case (a odd, b even), now setting a
to be an even number.
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The remaining cases can be easily worked out. We thus conclude that the spaces Sa×Hb
preserve, like Sa+b, all supersymmetries, since no extra projection appears (as long as Sa
and Hb are of equal radii), finding that indeed it is possible to construct supersymmetric
theories on Sa×Hb. Euclidean field theories with rigid supersymmetries can be defined on
S
a or on Hb provided a < 6 and b < 8. Analogous restrictions will also apply to our case.14
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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